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Abstract-The mechanical response of cross-ply SiC/CAS ceramic matrix composites was inves­
tigated experimentally and analytically. The experiments consisted of recording stress-strain
behavior, counting matrix cracks and measuring the interlaminar shearing strength. The analysis
employed an extended shear-lag model which incorporated non-linear behavior of the 0' plies and
interlaminar slip between the 0 and 90 plies. The evolmion of the multi-cracking process was
determined by means of fracture criterion, leading to the prediction of the overall stress·strain
response of the cross-ply laminate. .!J 1998 Elsevier Sciencf Ltd. All rights reserved.

I. INTRODUCTION

Ceramic materials retain their load bearing properties at temperatures that are much higher
than levels that are admissible for metals and polymers. The major limitation on the
mechanical performance ofmonolithic ceramics, which is their excessive brittleness resulting
in low levels of strain at failure, can be overcome by the incorporation of relatively ductile
fibers into the ceramic matrix. Since unidirectional reinforcement enhances ductility in the
fiber direction, but does little to overcome brittleness in the transverse direction it is
necessary to utilize multi-directional reinforcement for structural applications. The simplest
circumstance of such reinforcement is represented by cross-ply laminates where fibers in
distinct plies are oriented perpendicularly to each other.

The listing and summary of reference literature concerned with the very active field of
ceramic composites is beyond the scope of this work. However, a comprehensive list of
references which includes an overview of research on unidirectionally reinforced ceramics
and an evaluation of works on cross-ply composites can be found in a recent publication
(Erdman, 1995). It suffices to say that the list of references can be divided into three
groups that focus primarily on modeling, modeling supported by experimental work, and
experimental studies. In most cases the aforementioned investigations were concerned
with detailed studies of specific micro-mechanisms. In fewer circumstances (e.g. Zhu and
Weitsman, 1994) a model was developed to account for the overall stress-strain response
of the uni-directional composite, by accounting for multiple fractures.

The situation is less satisfactory in the case of ceramic matrix cross-ply laminates.
Some of these works employ shear-lag models developed for polymeric cross-ply laminates
(e.g., Nuismer and Tan, 1988, 1989; Lee and Daniel, 1990) in spite of their obvious
limitations when applied to the ceramic case, caused by the fact that the foregoing models
disregard the pronounced non-linearity of the 0° plies and the presence of slippage at the
0/90° interface. In some articles the latter effects are treated in an ad hoc manner.

As will be shown in this article, the determination of the interfacial shearing strength
between the 0 and 90° plies provides a crucial parameter for the modeling of the response
of cross-ply laminates. While measurements of the interfacial shearing strength between the
fiber and matrix in ceramic composites abound in the literature, together with accompanying
mechanics models (see Erdman, 1995 for a listing of articles concerned with fiber/matrix
interface studies) there seems to exist only a single work concerned with the interlaminar
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shearing strength (Wu et al., 1993). However, that work did not provide information for
SiC/CAS ceramic composites, which is required for the present work.

The purpose of this article is to elucidate the global stress-strain response of cross-ply
ceramic composites by accounting for, then averaging, the micro-level effects. Therefore,
only macro-level stress-strain behavior of the 0" plies is considered and interactions between
micro-level fractures in the 0 and 90' plies are ignored. Some accounting for such micro­
level interactions were attempted recently (Yu et aI., 1995).

2. EXPERIMENTAL

2.1. Materials and experimental set-up
Mechanical tests were performed on two cl~ramic matrix composite crossply lay-ups,

[02/902], and [02/904], consisting of SiC/CAS (Nicalon fiber/Calcium alumino silicate glass
ceramic matrix). Test coupons of 15.2 x 1.27 x 0.165 and 15.2 x 1.27 x 0.24 cm, respectively,
were machined from laminated plates. The specimens were tabbed with tapered glass/epoxy
(G-IO) to minimize stress concentrations, and the specimen edges were polished to facilitate
observation of microscopic damage progression under load ..

Testing was conducted on MTS 50 Kip servo-hydraulic test system with 442 controllers
and Microprofiler function generator. Instron "Supergrips" were used in conjunction with
Instron mechanical wedge action grips to minimize the effects of bending and torsion on
the specimen and provide clamping in a controlled manner. An Olympus BH2 optical
microscope mounted on a XYZ platform was used in conjunction with a digital chip camera
to record all activity on the specimen surface during load application. This video system
was connected to a VHS format video cassette recorder to save all test records in real time
as load was applied. The final magnification of this video system was approximately 750 x .
A schematic representation of the test set-up is shown in Fig. I.

Tv Monitor For Realtime
Damage Observation

Video Signal

r::=:J •

VHS Format VCR

MTS LOAD FRAME

Strain Si nal

Load Signal

Fig. I. Experimental set-up.

Hewlett Packard
Data Acquisition



The multi-fracture response of cross-ply ceramic composites 5053

All tests were conducted in stroke (displacement) control at a loading rates between
0.003 and 0.010 in/min. An MTS 632 extensometer with a one inch gage length was used
to monitor strain. To collect stress-strain data, the specimens were loaded continuously to
failure while load and strain signals were recorded using an HP3497 data acquisition/control
unit. To determine crack densities as a function of applied stress, it was necessary to
interrupt the loading intermittently at pre-determined stress levels. During these stages, the
surface of the specimen was scanned for evidence of damage. The stress and strain levels
were then recorded to correlate observed damage with specific points on the stress-strain
curve. It should be noted that the stress-strain curve:, for both the continuous and inter­
mittent tests were in close agreement.

2.2. Damage mechanisms and stress--strain re.lponse (}lcross-ply ceramic matrix laminates
The overall response of cross-ply laminates reflects the behavior of the 0' plies and the

additional mechanisms introduced by the presence of the 90 plies and the 0/90' interfaces.
The stress-strain behavior of the 0' plies exhibits substantial non-linearity as shown

in Fig. 2. The mechanisms that account for the above non-linearity consist of matrix
cracking bridged by intact fibers, which is accompanied by fiber/matrix interfacial debonds
and slippage. At higher load levels fiber fragmentation and pull-out occurs. However, in
this investigation a laminate-level model is constructed from ply level behavior. Therefore,
the response of the unidirectional layer is treated as a "lumped" property to be incorporated
within the cross-ply model. Consequently, the current analysis overlooks the detailed
mechanisms within the 0 plies which were treated by Weitsman and Zhu (1993, 1994).

The additional mechanisms characteristic to cross-ply laminates are transverse cracks
in the 90' ply groups and interfacial slip at the 0/90 interfaces. Typical micrographs of
transverse cracks are shown in Figs 3(a) and (b). Notc that at lower stress levels the crack
in the 90' ply terminates at the interface, while at higher stress levels these cracks are
accompanied by a multitude of cracks in the 0 plies. In many cases, the latter cracks are
clustered in the neighborhood of a transverse crack in the 90 as shown in Fig. 4.

Typical stress-strain and crack density data arc shown in Figs 5(a) and (b). It is worth
noting that while the stress-strain curves show remarkable reproducibility, the crack density
data exhibit substantial scatter. At least in part, this scatter is due to the presence of
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Fig. 2. Stress-strain response of unidirectional c~ramic matrix composites.
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discontinuous, meandering and partial cracks which are difficult to positively identify,
hence the observed crack density is somewhat subjective. A listing of crack density data is
given in Table 1.

Although some evidence of inter-ply interfacial slip may be discerned from micrographs
such as in Fig. 4, such evidence does not provide the quantitative information required for
the modeling of the mechanical response. Therefore an assessment of the magnitude of the
interfacial shearing strength, rt was obtained with the aid of a custom made "mini-shear"
testing fixture sketched in Fig. 6.

This fixture is designed to be installed between the actuator and the crosshead of any
standard testing machine that can accommodate flat platens. The specimen, which consist
of a [On/90mJs lay-up, is inserted in the fixture, with the outer 0 plies constrained against
motion while the inner, 90° ply group, is pushed forward by the anvil. The load and
displacement of the anvil are then monitored throughout the test. It should be noted that
a very small specimen is required to avoid buckling and reduce misalignment in order to
minimize any uneven shearing stresses at the two 0/90° interfaces. Typical specimen dimen­
sions were 6.2 x 6.2 x 1.65 mm. In some cases the length of the specimen (parallel to the
load direction) was reduced to 3.1 mm. A typical load displacement record is shown in Fig.
7.

It should be noted that the "mini-shear" test yields inaccurate results since specimen
thicknesses vary and the 0/90° interface is not clearly defined. Consequently, it was not
possible to obtain a precise match between the widths of the die and the 90° ply group,
which resulted in stress concentrations near the corners of the specimen where it was
supported by the die, as can be seen in Fig. 8. These stress concentrations undoubtedly
yielded lower than actual values for the interfacial shearing strength, r~. Nevertheless, an
average experimental value ofapproximately 35 MPa was obtained from a series ofeighteen
tests, which seems to provide a reasonable order of magnitude for r~ to be employed in the
predictive model. It should be noted that due to data scatter we had 27 MPa <
r:'< 54 MPa.

3. ANALYSIS

3.1. Linear elastic case
Consider a ceramic cross-ply laminate as shown in Fig. 9 with exterior layers of 0"

plies and interior 90° plies. An average axial stress, iTn is applied to the laminate resulting
in the cracking of the 90° plies. The crack spacing, 2L, is assumed to be uniform along the
length of the specimen.

In the sequel we shall employ the shear-lag method to derive approximate expressions
for the stress and displacement fields for the cracked geometry. Let i = 1,2 refer to the 90
and 0° ply groups, respectively. Then employing standard notation, we assume

U1(X,ZI) =f(x) [a l +CI (~:YJ

U2(X,Z2) =f(x) [a2+b2(~:)+C2 U:)2J

In addition, the transverse displacements are taken to be

(1)

(2)

and the out-of-plane effects are discarded. Consequently, the shear stresses are given as:
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(a)

Fig. 3a. A single transverse crack in the 90° ply group shortly after matrix crack initiation.

(b)

Fig. 3b. Multiple transverse cracks in the 0 and 90° ply groups prior to laminate failure.



5056 D. L. Erdman and Y. Weitsman

Fig. 4. Transverse crack "clusters" in the 0° plies.

Fig. 8. Damage progression for the mini-shear test.
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Fig. 5b. The response of a ceramic cross-ply laminate: crack density progression.

(i) _ (i) CUi
Tc-CS5CZ i = 1,2 (3)

Employing the boundary and continuity conditions r~;I(x,Z2 = h2 ) = 0,
r~;)(x,zl = 0) = 0, r~;)(x,zl = hi) = T~~)(X,Z2 = 0) == r*(x) and UI(X,ZI = hi) =
U2(X, Z2 = 0) together with eqns (I) and (3) it is possible to express the shearing stresses in
terms of the average displacements as follows:
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Table I. Cross-ply strength and damage data

Spec.
No. Lay-up

(luI!

[MPa]

(Jillitialion

[MPa]
90 plies

O"initiation

IMPa]
(I plies

Saturation
density [# lin]

90 plies

Saturation
density [# lin]

o plies
~~~~~~~~~_._-_ ...__._--------_._._----------

6-1
6-2
6-3
6-4
6-5
6-6*
6-7*
6-8*
5-3
5-4

[O,/90,L
[O,/90,L
[O,/90,L
[O,/90,L
[0,/90,],
[O,/90,L
[O,/90,L
[02/902L
[O,/904L
[O,/904L

151.0 65 65 32
145.8 103 86 20
136.9 48 108 36
151.9 65 76 34
154.9 42 105 40
139.0 NA NA NA
139.3 NA NA NIA
149.0 NA NA NA
134.7 72 50 20
136.6 51 51 24

180
122
146
238
180
NA
NA
NA
186
192

* Continuous loading tests.
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Fig. 6. Mini-shear inter-ply strength fixture.
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(4)

Note that these expressions are equivalent to those adopted in earlier articles (e.g., Nuismer
and Tan, 1988, 1989; Lee and Daniel, 1990).

In particular, the interfacial shearing stress becomes:

(5)

Where the "overbar" indicates an average with respect to z, namely:

- I ff1,
f;(x) = h- f(x, z,) dz;

I 0

(6)

Additionally, we employ primes to denote differentiation with respect to x.
Turning to the normal (axial) stresses, from lamination theory we have:

(7)

In addition, the force balance relations read:
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(8)

which, upon integration with respect to x yield the "global" equilibrium expression:

(9)

where ax is the average applied far-field stress. Differentiation of eqns (7) with respect to x,
substitution into eqns (8) and employment of eqn (5) yield:

r"* -1X5r* = 0 whereIX2 = A~5 ( __1_ +- 1_)
o h h Q(I) h Q(2)

1 11 2 11

(10)

The general solution of (10), r*(x) = Aosinh(lXox) +- Eo cosh(lXox) reduces to

r*(x) = A o sinh(lXox) (II)

since by symmetry we have r*(x = 0) = O. Furthermore, the traction free crack surface at
x = L implies:

which in view of (9) gives

_ i'j Ii
i'j~2) (x = L) = h"2

(12)

(13)

To determine Ao in eqn (II), we equate r'*(L) between eqn (5) and (II) and utilize eqns
(12) and (14) to represent ill (L) and a;(L) in the first of eqns (7) in terms of ax. We then
obtain:

where

r'*(L)
A o =

D:ocosh(D:oL)

A (i'j IiQ (I) ( Q(2) ))r'*(L)=~ x II +t Q(lo)__12
Q

(I)

hQ (I) h Q(2) .I L Q(2) II
11 2 II II

(14)

The expression for 8y is derived from the condition of transverse equilibrium. In the absence
of loading in the y-direction we have:

iI. iI.- - _ -(I) -(2)_ayhL - hi a, dx+-h 2 ay dx - 0
o 0

The detailed expression for 8y is given in eqn (A I) of the Appendix.
In summary, the stress distributions are given by:

(15)
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r*(x) = A o sinh(Clo.);·)

A o
O'V)(x) = -h-(cosh(CloL) -cosh(Clox))

lClo

- h- -(I)()h
-(2) (Jx (Jx X 1
(Jx (x) = - - ----

h2 he

(16)

Since the outer, 0° plies remain intact, straightforward integration of eqn (7) yields the
average axial strain:

(17)

To correlate the crack spacing, 2L with the applied stress 0'" we employ a fracture
criterion and assume that new cracks will form midwa.y between existing cracks whenever
the available energy equals the energy required for new crack formation.

For that purpose, consider a steady-state transition between crack geometry states" J"
and "2", with associated crack spacings of 2L and L, respectively, as depicted in Fig. lO(a).
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We assume that as cracks progress in the 90" ply group, they span the thickness, 2h 1• The
energy available for crack growth, J, is given by Anderson (1991) :

J=
dTI

dA
withTI = U- w= -U* (18)

In eqn (18) TI is the total potential energy of the system, U is the elastic strain energy, W is the
external work done on the system, and U* is the complementary energy, while dA = 2h 1da
denotes the new fracture surface area. Consequently J = (I 12h j )(d U* Ida) which, in view of
the assumption of steady state crack propagation, yields J = (1 12hl) [2U* (state "2") - U*
(state" I")]. The foregoing result is expressed as :

2U*1 7 - U*I
J

L_ L
= -~~ill-j~~

The criterion for new crack formation is given by:

J= J,

(19)

(20)

where J" the critical value, is a material property that can be determined experimentally
for a given material system.

The complementary energy contains both the normal and shearing stress components.
F or state" I", with a crack spacing of 2L we have:

(21 )t

An analogous expression for U*lw can also be obtained by adjusting the limits of inte­
gration. However, it should be noted that the integrands in (21) will depend on the crack
spacing L. For instance, straightforward evaluation of the last two integrals in (21) yields
the closed-form expression for the complementary energy due to shearing stresses:

U~ = 2AlJ (Sinh (2aoL) __ ~) (_~.1I + Jz2)
3 4('.(0 2 cw cW

A correlation between crack spacing L and levels of applied stress 0", is obtained by
incrementing O"x gradually, and evaluating the available energy J at each stress level for
comparison with JC" A new crack configuration (crack spacings are halved) occurs when
J = J,. At this stage comparisons of energies levels are made between U* IL;2 and U* IU4 and
so on. The stress-strain relation is obtained from (17), however since the applied stress 0",

is assumed to remain constant when J = I n there is a corresponding jump in strain ex.

t Clearly, in the linear case U* = U and the integral in eqn (21) can be converted to surface integrals resulting
in obvious simplifications. However. our main purpose here is to lay the groundwork for the non-linear response
of the 0 ply groups where U* and U are not equal.
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o

A typical comparison between data and predictions that assume linear material
behavior are shown in Fig. II. We note an unacceptable discrepancy between the two
curves when itx exceeds 90 MPa.

3.2. Non-linear response of the 0 ply group

The stress-strain response of the 0" plies exhibits pronounced non-linearity as shown
in Fig. 2. This non-linear behavior is due to the formation of matrix cracks bridged by
intact fibers, which is accompanied by interfacial fiber/matrix slippage. At higher stress
levels, after matrix cracking has attained saturation density, additional damage is caused
by fiber fragmentation and pul1-outs.

To simplify the ensuing analysis the stress-strain response of the 0' plies wil1 be
represented by the bilinear curve depicted by the solid line in Fig. 12, with a "knee" at
itx = 0'0 = 200 MPa and stiffnesses QW and Q\2i below and above 0'0' Consequently, eqns
(7) are replaced by

i = 1,2 (22)

while

-(2) _ Q-(2) -, + Q(2) - + _
O'x - llU2 12B, (J (23)

with
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Fig. 12. Bilinear representation of the unidirectional stress~strain curve.
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-(2»)a= 0"0 (1- QJ I

Q (2)
II

Since ij~2) attains its maximal value at x = L, where ij~2) = ijJl/h2 , it is clear that a non­
linear region will emanate from x = L towards x = 0 for ijx ~ O"oh/h2o When ax < O"oh/h2

linear response will prevail within the entire region 0 ~ x ~ L, while if ij~2)(X = 0) ~ 0"0 the
OC plies will respond non-linearly over the entire domain.

In general, non-linear response of the 0° plies will occur for x* ~ x ~ L while linear
response is confined to 0 ~ x < x*, and by definition:

(24)

Consequently, eqns (22) hold for 0 ~ x ~ L while the first and second eqns of (23) are
valid for 0 ~ x < x* and x* ~ x ~ L, respectivdy.

The formulation of the present circumstance resembles that of the preceding subsection,
but requires several modifications. Expression (10) and its solution given in (11) remain
valid for 0 ~ x < x*, while over the remaining range we have:

r"* - C(~r* = 0, (x* ~ x ~ L) (25)

whose solution is:

(26)

The three unknowns A h B j and x* can be evaluated with the aid of boundary conditions
in (24) and the continuity requirements:

r*(x* +) = r*(x* - )

(27)
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The expressions for A h B 1 and 8y [the latter determined employing (15)] are given in the
Appendix, eqns (A2) and (A3). These expressions contain the yet undetermined value of
x*, which is obtained through numerical iteration until the condition in (24) is satisfied.
The stress field is expressed as follows:

while

T*(X) = Ao sinh(cxox)

aJi aOh2 Ao
a~]) = -h' - -h- + -h-(cosh(cxox*)-cosh(cxox))

] I I CXo

T*(X) = A, sinh(cx] x) +B] cosh(cx] x)

_(I) 1 {A,(COSh(cx,L)-COSh(CX]X))}

ax = h,cx, +B,(sinh(cx]L)-sinh(cx,x))

- h- -<l)h
-(2)_~ ~
ax - h

2
- h

2

(0:::; x < x*)

(x* :::; x < L)

(28)

(29)

The average global strain is again determined according to the same procedure as the
previous sub-section. Upon integration of the constitutive relation for the 0° plies we get:

- I { * Ao (* h( *) . h( *)/) Q(2) _ *} Iex =-- aox - -h- x cos ,cxox -sm cxox CXo - I2 BI'X +~
QW L 2 CXO Q\"i L

The circumstance that a~2) (x = 0) ): a 0 yields the simpler results:

- h- -(1)/
-(2) ax - ax 1]a (x) =----

x h
2

with

(30)

(31 )

(32)

Note that the expressions for the shearing stresses r~~) and r~;) with z retain the forms listed
in (16).

The prediction of crack spacing and density, which follows the reasoning expressed in
eqns (18)-(20), requires the evaluation of the complementary energy U*. In the present
case, the integrations with respect to x must be split between the range 0 :::; x < x*, which
is governed by eqns (28) and the first of (23), and the range x* :::; x < L where eqns (29)
and (23) apply [eqns (22) apply to both regions]. Consequently, over the range x* :::; x < L
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the inner integration with respect to 0'~2) must be further divided between the ranges
o~ a~2) ~ (J 0 and (J 0 ~ a~2) ~ 0'~2). The resulting complementary energy is then given by:

(33)

where

4h {IX' ((_(11
)2 ) fL ((-11»)2 ) }

I - -_I ~ _(J-I.I)Q(1)i" dv+. ~ _O'.IIIQII)S. dx
I - ( I 1 2 ,I2 "r A 2 ,I2 I' .

Q II 0 "

1 = 2A~ (Sinh(2aox*) _ x*) (~ + _l~.__)
3 3 4a 2 e(l) C'12)o 5S' 55

The integrals II and 12 express the contributions of the normal stresses, while 13 and 14

account for the contributions of the shearing stresses T~~ over the ranges 0 ~ x< x* and
x* ~ x < L, respectively.

For the case when O'S2) (x = 0) ;?; (Jo the computation of U* reduces to:

(34)

with

4h IL (-11
»)2 ) 4h IL (( -(2»2 )- __ --I ~_-(I)-QII) d +~ _~__ -(2I(-QI2J+') d-II (J \ 8" 12 X _ 2 (J, 8" 12 (J .XQI? 0 2 " QW 0 '.

{
(J1J (I I) (SrQ\2i +6' iJrQW)}+4h,L -- '--'- +(J -------

- 2 Q(21 Q-(2) 0 Q-(21 Q (2)
II II II II

and, which upon evaluation of the integrations yields:

A typical prediction for the stress-strain response is shown in Fig. 13(a). Note the
significant improvement over the linear model. However, the comparison of predicted and
observed crack densities, shown in Fig. 13(b) shows that there still remains a serious
deficiency in the bilinear analysis. The discrepancy between observed and predicted crack
densities persists over a significant range of assumed Jc values, as shown in Figs 14 and 15
for two cross-ply lay-ups. This divergence remains in spite of the reasonable agreement
between predicted and observed stress-strain curves.
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Fig. 13b. Comparison of bilinear and linear models with experimental transverse crack density.

3.3. Non-linear response of the 0° ply groups with inter/aminal' slip
As noted in Section 2, the 0/900 interface can support an interfacial shearing stress of

finite magnitude, T~. Consequently, the analysis of Section 3.2 must be delimited by the
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restriction that r*(x) < r:. This restriction implies the existence of an interfacial slip region
where r*(x) = r:.t

The results of Sub-sections 3.1 and 3.2 shows that r*(x) increases monotonically with
x. Therefore, the condition r*(x) = r.~will occur first at x = L and, upon further increase

t It should be noted that the shear-lag model cannot address coulomb friction since it incorporates the implicit
assumption (J, ~ 0, in view of the employment of laminate relations (7). These relations are analogous to those of
classical plate theory.
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x

x*' x* L
Fig. 16. Relative positions of the slip zone L -I, ~ x ~ L and the "knee point" x*. x* ~ x ~ L.

in 0'" will extend towards x = O. Since T~ and the "knee-point stress" 0'0 are independent
material properties, the relative ranges of the interfacial slip zone and non-linear response
of the 0' plies can vary with a, as depicted in Fig. 16. We distinguish between three cases:

"Case I": The slip zone encompasses the "yield" zone (L -I, < x*).
"Case II": The "yield" zone encompasses the slip zone (L-l, > x*).
"Case III": "Yielding" over the entire domain, i.e. x* = 0, with slippage over the region

L-l, ~ x ~ L

In all the above cases we have:

T*(X) = T~ £-1, ~ x ~ L (35)

with the newly introduced unknown, I" which is determined from the condition:

T*(X = L-l,.) = T~

3.3.1. Case I(x* > L-ls) In view of(8), (12), (13) and (35) we have:

T*(X) = T~

(36)

_( I) _ T~ (L - x)
0', (x) - hi (X* ~ x ~ L)

-(2) (j,h T~L--x)
0', (x) = .~ - ~---~

h2 h:~

Together with eqn (24), the third of eqns (37) yields:

Within the adjacent slip region, eqns (8), (9), (24) and (35) give:

(37)

(38)

T*(X) = T~

(jV)(x) = T~X*-X)_ + IfJl-~.!.lh2
hi hi

(L-l, ~ x < x*)
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-(21. _ r7(x*-x)
a, (x) - a o- J

12

Substitution of (38) into (39) gives:

I) T',
6~ (x = L-lJ =h~

5071

(39)

(40)

Note that the latter expressions can also be obtained from (8), (12), (13) and (35). Turning
to the inner contact region, which is governed by linear response, the solution follows the
format of Section 3.1, except that the boundary conditions (12) and (13) are replaced by
those in eqns (40). We get:

r*(x) = Ao sinh(:xox)

I) r', Ao { \
6~ (x) = -h- + -h- cosh(:Xo(L--/J)-cosh(:Xox)f

1 I:X O

- h- -(llh
-(2) _ a, a, 1
a, (x) - h; - h;- (41)

where the expression for Ao is given by eqn (A4) in the Appendix.
It should be noted that Aodepends on I, and p.r. The strain £/' which is again determined

through the use of (15), contains dependence on x* (and IJ, since the integrations indicated
in (15) involve expressions that vary within the subregions whose extent is defined by the
location of x*. Consequently, An depends implicitly on x* as well.

The solution for I, can be obtained through numerical iteration as follows:

(I) Calculate x* from eqn (38).
(2) Select a trial value for the slip zone length, l" con,;istent with x* > L -I,.
(3) Employing eqns (37), (39), (41), (7) and (15), evaluate 1\.
(4) Calculate Ao from eqn (A4).
(5) Calculate r* (x = L -lJ using the first of eqns (41) and check to see if r*(x = L - 0 =

T~ If so, then I, has been located. If not, it is necef:sary to perform another iteration by
returning to step (I).

Finally, upon employing the appropriate forms for 6~21 from (37), (39) and (41) the
expression for the average axial strain becomes:

(42)

3.3.2. Case JI (L -Is> x*)
In this case linear response occurs in the inner region 0 ~ x < x*, where the stresses

are given in forms whose appearance is identical to eqn (28), namely:

r*(x) = Aosinh(:xox)

(0 ~ x < x*)
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a
-(2) = (j)1 _ (j~I)hl

x h
2

h
2

(43)

The outer region, L -Is";; x ,,;; L is typified by the condition r*(x) = T~which is associ­
ated with interlaminar slip (note that the non-linear stress-strain response of the 0° plies
given in (23) applies). Consequently the expressions for the stresses coincide with eqns (37),
namely:

(L-(. ,,;; x,,;; L)

r*(x) = T~

-(I) _ T~L-x)
(Ix (x) - hi

-(2) (j/i T~L-x)
(Ix (x) = h; - ~--

At the edge of the slip zone eqns (45) give:

( I) r:ls
(j.. (x = L-/) =,-

\ S hi

(44)

(45)

The intermediate region, x* ,,;; x < L -I" is characterized by non-linear response of the 0"
plies, as expressed in (23), with a perfect bond at the 0/90° interface. The stress field in this
region is similar to that in eqn (29), except that it must match the continuity of stresses at
x = L -Is listed in (45). We have:

r*(x) = AI sinh(iXlx) +B] COSh(iXIX)

r'!l 1 {AI [cosh(iXl (L-l,))·-cosh(iXjx)] }
(j(l)(x) = ~+--

x hi hl':!.l +Bdsinh(':!.1 (L-fJ)-sinh(':!.lx)]

- h- h -(1)( )
-(2) ) _ ~ _ I (Ix X

(Ix (x - h
2

h
2

(x* ,,;; x,,;; L-fJ

(46)

As in previous circumstances, the solution depends implicitly on By through the stress­
strain relations in (22) and (23). The transverse strain By is again evaluated with the aid of
eqn (15). However, for the present case integration over the region 0,,;; x ,,;; L must be
subdivided over the intervals 0 ,,;; x < x*, x* ,,;; x < L-l" and L-Is ";; x ,,;; L, with appro­
priate expressions for (j~) .

In the present case, the problem is fully coupled in x* and Is and the numerical solution
involves a simultaneous iterative scheme. Expressions (43)-(46) contain the five unknowns
Ao, A], B], x* and Is. These unknowns are uniquely determined upon employment of the
boundary conditions in (12) and (13) as well as the continuity of r*(x) and (j~I) at x = x*
and x = L-I,. Furthermore, by hypothesis, (j~2)(X = x*) = ao and r*(x = L-I,) = T~.

Detailed expressions for AI), A" B" and By are given by eqns (A5)-(A7) in the Appendix.
The average axial strain Bx is given by:

(47)

3.3.3. Case III (x* = 0,0 < I, < L)
In this case the stresses in the region L-l, ,,;; x ,,;; L are given by eqns (44) while within

the inner region we have:
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r*(x) = A o sinh«()(lx)

O'~I)(X) = rh,s + hAo {COSh«()(I(L-I,))-cosh«()(lx)}
I I()(I

- h- -(III
-(2) _ (Jx (Jx 11
(Jx (X) - h; - ---;;;-

(0 ~ X < L-l-.)

(48)

The corresponding expressions for Ao and er are given in the Appendix, eqns (A8) and
(A9). Also the expression for the average axial strain is:

(49)

3.3.4. Complementary energies
In Case I (x* > L-lJ the contributions of the normal stresses to U*IL are given by

the integrals II and 12 in eqn (33). However, due to the disparate expressions for O'~I) and
0'~2) in (37) and (39) it is necessary to split integrations of II and 12over the region 0 ~ x < x*
between the two segments 0 ~ x < L -I, and L -I, ~ x ~ x*. On the other hand the con­
tribution of the shearing stresses to U* IL stems from the sub-regions 0 ~ x < L -I, and
L-I, ~ x ~ L. This contribution is given by:

(I) 2 { 2 (Sinh(2()(o(L-O) L-I,) . 2 } { hi h2 }I = - A . - -~ +(r~ I - +-
, 3 0 4()(o 2' s CI I) C(2)

5) 55

(50)

In Case II (x* < L - 0 similar considerations apply to the contributions of the normal
stresses, which are again given by 11 and 12 in eqn (33), except that in this case integrations
over x* ~ x ~ L are divided among x* ~ x < L-I, and L-I, ~ x ~ L

In this case the contribution of the shearing stres,; to U*IL is given by:

f
A2 (Sinh(2()(o(L-I,)) - x*)+ (Af+ B f)[Sinh(2()(I(L-I,)].. )

2 0 4()(o 2 4()(1 -sinh(2()(lx*)
I(ll) =-

T 3 l (Bf-AD(L-I,-x*) AIB I [COSh(2()(I(L-/,)] 2
+ +-- +(r~1

2 2()(1 -cosh(2()(lx*) s,

(51)

Finally, for Case III (x* = 0), the complementary energy calculation is similar to Case
I. However, it is necessary to replace x* with L -I, in the limit of integration, while 12 is
replaced by:

4h fL-1,(( -(2»2 ) 4h fL ( -( 2
»2 )- 2 ~ _ -(2) _ (2) - • __2 ~ -(2) - (2) _

12 - -(2) 2 (Jx (eyQl2 +(J) dx+ -(2) 2 -(Jx (B,QI2 +(J) dx
QII 0 QII L l,

41 {(J~ ( I I) (trQ \2:l+ 6 trQW)}+ 1,L - ---~~-- +(J ._--
• 2 Q (21 Q-(2) 0 Q-(2) Q (2)

II II II II

Then the contribution of the shearing stress to U*IL is given by:

(52)
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Fig. 17. The circumstances of t; < I,.

3.4. Special considerations concerning the evohllion o/slip zones
In some circumstances it may occur that a transition from "state 1" to "state 2", which

involves the creation of new cracks centered between existing cracks, will be associated with
new adjacent slip zones in length t; which turn out to be shorter than the length I, associated
with "state I". Since the present analysis assumes symmetry about the mid-plane between
neighboring cracks, I; < I, implies that reverse slip occurs near the "state I" cracks in a
scenario of monotonically increasing external loads. For obvious reasons such an event
cannot occur in reality. This circumstance is depicted in Fig. 17.

Although I; < I, may indeed be feasible, it would be associated with interfacial "lock­
ing" over the range I; < x < I, rather than with reverse slip. However, stick-slip regions
adjacent to some cracks and slip regions adjoining other cracks to not conform with the
symmetry assumptions of the present analysis. In fact, any attempt to account for the
sequential evolution of stick and slip regions near "older" and "newer" cracks will quickly
become intractable.

To overcome the foregoing difficulty, we chose to set I; = " whenever the analysis
yielded I; < I,. This implies that at the stress level corresponding to the transition from
"state I" to "state 2", as well as for some stresses exceeding that level, the length of the slip
zone, I, is no longer unknown and is taken as a prescribed quantity.

The analysis, which corresponds to three foregoing cases, I, II, III, involve simplified
versions of the results presented in eqns (35) (53). The full details are given by Erdman
(1995).

4. PARAMETRIC STUDIES AND MODEL PREDICTIONS

Computations were performed for both [021902], and [02/904], lay-ups with J c = 12, 15,
20 and 30 J1m2 and T~ = 35,45 and 55 MPa, for a total of 24 case studies. Predicted stress­
strain response and crack densities were compared with experimental data and observations.
For the sake of brevity we focus attention to J, = 12 and 15 J1m 2 over the foregoing range
of T~. Results are shown in Figs 18-21. It is apparent that the closest agreement between
model predictions and experimental data occurs for J, ~ 15 Jim' and T~ ~ 50 MPa. The
predictions associated with J, = 20 and 30 Jim2 fall above the experimental stress-strain
curve and below the observed crack density data. Complete details are given in an earlier
quoted work (Erdman, 1995).
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Fig. 18a. Stress-strain response of a [0,/90,1, laminate bilinear slip analyses. J, = 12 J;m'.
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Fig. 18b. Transverse crack accumulation for a [0,/90,1, laminate bilinear slip analyses. J,. = 12 J/m,.

5. CONCLUDING REMARKS

The response of SiC/CAS ceramic matrix composites was analyzed by means of
an extended shear-lag model. The non-linear stress-:;train behavior of the laminate was
associated with the non-linear response of the 0" plies and the evolution of transverse cracks
within the 90 0 plies. The formation of thc forcgoing cracks was predictcd by a fracture­
encrgy criterion. To attain good agrecment bctwccn model predictions and cxpcrimcntal
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Fig. 19a. Transverse crack accumulation for a [° 2/90,], laminate bilinear slip analyses, J, = 1511m2
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Fig. 19b. Transverse crack accumulation for a [02/90,1, laminate, bilinear slip analyses J, = 15 11m 2

•

observations it was necessary to include interfacial slip between the 0 and 90C ply groups.
For this purpose, an assessment of the interfacial shearing strength was obtained from
"push-in" data collected by means of a custom made inter-ply shear fixture.

Satisfactory correlations between model predictions and experimental data were
achieved for both the [02/902], and [02/904L cross-ply lay-ups employing reasonable values
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Fig. 20b. Transverse crack accumulation for a [0,/904], laminate bilinear slip analyses, J,. = 12 J/m'.

of J, "" 15 J jm2 and r~ "" 50 MPa, which fall within the: acceptable range of recorded data.
Note that the current model assumes that all cracks are equally spaced at an initial

distance of 2L, and upon reaching criticality (J = JJ, they all split in unison resulting in a
new uniform spacing of L. This assumption is, obviously, an unrealistic idealization. A
reasonable improvement may be achieved by considering a non-uniform crack spacing, ;.
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Fig. 21 b. Transverse crack accumulation for a [0,190,], laminate bilinear slip analyses, J, = 1511m2

ranging over L < A ;( 2L. Then the formation of new transverse cracks would occur only
within the largest spacings, namely at ;, = 2L.

This revised assumption implies that when crack spacings switch from 2L to L the
commensurate average crack spacings are A=, [3(2L)/4] and A= [3(L)/4], respectively,

t The selection of a lower limit of I. = L is motivated by the assumption of a common value of J, throughout
the laminate. For example, consider I.m;" = kL with k < I, then this would imply that cracks spaced at I. = 2kL < 2L
will split before those spaced at A = 2L.
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when compared with the aforementioned assumption of uniform crack spacings of 2L and
L. This implies the existence of 33% more cracks when )-max = 2L and 33% fewer cracks
when Amax = 2L subdivides into Am," = L. Consequently, the foregoing assumption over­
estimates the stiffness at lmax and underestimates the :;tiffness at Amin' Since new transverse
cracks are assumed to occur continuously at all load levels, the discontinuities in the
predicted curves in Figs II, 13-15, and 18-21 would be replaced by continuous curves,
which should better approximate the experimental data.
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APPENDIX

Carrying out the integration in (15) results in the following expression for the transverse strain:

where

-iJ,(C,iiL+f3,k,k,)
- .-

f3,k,k 4 +L(C,h, +C4 h,)
(AI)

and

C2 = QW - (Q\',')2 /Q','i, C3 = Q\','/QW,



The multi-fracture response of cross-ply ceramic composites

hQI1l
k "
,- h,
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In the case of the non-linear response of the 0 plies, the expressions for A" BI are obtained through use of
the boundary conditions in (12), (13) and (27):

(A2)

where

D = :XI cosh(rx l(L-x*)

Employing (15) for the bilinear case, £, is given as:

{
h,C,(L-X*)+h l [e,li6 +CS li9 -C I (fio +li9)] }

-Ii'Ah l C, (li4 + Ii,) -hI C,fi4 +hC,x* +hCs(L-x*) -hI Csli,]

t, = {hi (C,L+ C I (/f, +Ii,) - C,Ii, - Csli,) +h,(Cx* +C.(L-x*»}
(A3)

Note that k4 and CI- C4 are the same as in the previous solution while the newly introduced constants in
(A3) are given by:

k (Q l,)+h2Q121)
2=0"0 II h: 11 A (Ql'" Q"~)k

55 L. L.
o =~-- .-----

h Q\'I QW

while

• hQ\2,J
k , =--

. h,

Cs = Q','ilQW,

k
_ Ass~,- -

h QV,J

C6 = QW - (Q \',') , /QW C, = Q\'N/QW

fi, = (L-x*)cosh(:xIL)-sinh(rx,Ll/:X 1 +sinh(:x,x*)/:X I

Ii, = (L-x*) sinh(rx,L)-cosh(rx l L)/Cl, +cosh(rxlx*)/rx l

r') I [ k

s

l~' = D ko

(, -k,

l(4) I [-k 5

YSI = D -ko

Yo k,

If, = r,lf, +YS{f,
h,:x,
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In the circumstance that non-linear response of the 0 plies is accompanied by interfacial slippage, ''Case I"
(L-I, < x*) we have:

with

k, = A;;/(llCJ:oQ','/Q\;1' cosh(CJ:o(L -I,»

(M)

For the situation where non-linear response of the 0 plies is accompanied by interfacial slippage, "Case II"
(L-I, > x*) we have:

The values of A, and B, for this case are given by:

(AS)

{A,} = -1.[ COSh(CJ:'X*~
B, D -s1l1h(CJ:,x)

with

-CJ:, sinh(CJ:, (L-I'»J {k;(j, +koE, -k7 (

CJ:, cosh(CJ:, (L-/,). A" sinh(CJ:ox*) j
(A6)

15 = CJ:, cosh(CJ:,(L-I,--x*»)

The expression for c, is then given as:

C7 h,(L-x*)-h,(C,-C;)(114 +[3,o)-h,/J6 (C,-C;)

_ -(j,{h,/i4 (C, -C;)+h,/I7 (C, -C,)+C,llx*+C)I(L-x*»)
D, = {h,[3,(C,-C,)+h,{J,(C,-Cl-t-h,C,L-t-h,C4 x*+h,C6 (L-x*n

where

fi, = (L-I,-x*)cosh(CJ:,(L-I,)--sinh(CJ:,(L-I,»/CJ:, -t-sinh(CJ:,x*)/cx,

fi, = (L-I, -x*) sinh(CJ:, (L-I,)) -cosh(CJ:, (L-I,»)/CJ:, +cosh(CJ:, x*)/CJ:,

(A7)

II, = -;jJ, ~I',/!-,'
h,CJ:,

and

-k,I(,CJ:,

k,k4 CJ:,

k,k,CJ:,

r sinh(CJ:,x*) }

lcosh(CJ:, (L -1,» sinh(CJ:ox*)

with

For Case II I of the slip analysis we have:

(A8)
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k ---~-'~-­
, - cosh(::i, (L - C))

and the transverse strain is given as:

17 2 C,L-C,(fJiL+(C, -C,) (k,k,/i,(f, -klk'~1 -kxfil +~'J,(L-/J+ r~~)
l:' = --------...- ..-_."------.----,.~,,~--
" L(ll, C2 +17,C,,) + (CI '- C,)k,k,/II

with
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(A9)


